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A formula is found for the total number of distinct Steiner triple systems on
2n&1 points whose 2-rank is one higher than the possible minimum 2n&n&1. The
formula can be used for deriving bounds on the number of pairwise nonisomorphic
systems for large n, and for the classification of all nonisomorphic systems of small
orders. It is proved that the number of nonisomorphic Steiner triple systems on
2n&1 points of 2-rank 2n&n grows exponentially.  2001 Academic Press
1. INTRODUCTION
A Steiner triple system STS(v) is a set of v points together with a collec-
tion of 3-subsets called blocks or triples, such that every pair of points is
contained in exactly one block. Every point of an STS(v) is contained in
(v&1)2 blocks, and the total number of blocks is v(v&1)6. Since these
two numbers are integer, it follows that v#1, 3 (mod 6), which is also a
sufficient condition for the existence of an STS(v). A subset S$ of points in
an STS(v) is a subsystem if S$ contains every block with two points in S$.
A subsystem S$ is maximal if |S$|=(v&1)2. Two Steiner triple systems on
the same point set are distinct if their block collections are not identical.
Two Steiner triple systems are isomorphic if there is a bijection between
their point sets that maps the blocks of the first system into blocks of the
second. An automorphism of an STS(v) is any permutation of the points
that preserves the collection of blocks.
An incidence matrix A=(aij) of an STS(v) is a (0, 1)-matrix with rows
indexed by the blocks, and columns indexed by the points, with aij=1 if
the i th block contains the j th point, and aij=0 otherwise.
Doyen et al. [2] derived a formula for the rank of the incidence matrix
A of a Steiner triple system STS(v) over the binary field (2-rank of A, or
rank2(A)) in terms of the number of maximal subsystems. They proved also
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that the 2-rank of any Steiner triple system S=STS(2n&1) is greater than
or equal to 2n&n&1, with equality if and only if S is isomorphic to the
classical Steiner triple system whose blocks are the lines in the binary projective
space PG(n&1, 2).
A Steiner quadruple system SQS(n) is a set of n points together with a
collection of 4-subsets (called blocks) such that every triple of points is
contained in exactly one block. The collection of blocks through a given
point P in a Steiner quadruple system S=SQS(n), after deleting P, is a
Steiner triple system S$=STS(n&1) called derived design with respect to
P. The collection of blocks of S=SQS(n) that do not contain a point P is
a 2-(n&1, 4, (n&4)2) design S", called residual design with respect to P.
A binary linear (n, k) code is a k-dimensional subspace of the n-dimen-
sional vector space over the binary field. Two codes are equivalent if they
differ by a permutation of the coordinates. An automorphism of a code is
any permutation of the coordinates which preserves the code as a set of
vectors. The Hamming weight of a vector is the number of its nonzero
components.
Given a Steiner triple system S=STS(v) with an incidence matrix A, one
can define two linear codes that are associated with S:
v The code of the blocks is the (v, k) code spanned by the rows of A,
that is, by the incidence vectors of the blocks of S, where k=rank2(A).
v The point code is the (v(v&1)6, k) code spanned by the incidence
vectors of the points of S, that is, by the rows of AT.
A computation of the binary codes of small Steiner triple systems [7]
showed that the point codes of nonisomorphic Steiner triple systems on 15
or fewer points are inequivalent. In a remarkable paper [1], Assmus proved
that two Steiner triple systems with the same number of points and the same
2-rank have equivalent codes of blocks, and up to isomorphism, all Steiner
triple systems of the same 2-rank can be found in the same code. Assmus
gave also an explicit description of the code spanned by the blocks of
a Steiner triple system of given 2-rank and its automorphism group. In
particular, the code C that contains representatives of all isomorphism
classes of Steiner triple systems STS(2n&1) of 2-rank 2n&n is the row
space of the matrix G defined as follows:
G=\1 0 } } }A
0+ , (1)
where the first row of G is the vector of weight 1, having its only nonzero
component in its first position, and A is the block by point incidence
matrix of the classical Steiner triple system on 2n&1 points. This result is
implicit also in Key and Sullivan [3, 4].
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In this paper, we prove that the code C with generator matrix (1) contains
a total of
2(2
n&1&1)(2n&2&1)3
distinct Steiner triple systems STS(2n&1). Using the automorphism group
of the code, we show that
22
n&1&n
of the Steiner triple systems in C are of 2-rank 2n&n&1, hence are
isomorphic to the classical STS(2n&1) in PG(n&1, 2), while the remaining
2(2
n&1&1)(2n&2&1)3&22
n&1&n (2)
Steiner triple systems are of 2-rank 2n&n.
Since the Steiner triple systems in C include representatives of every
isomorphism class of STS(2n&1)’s of 2-rank 2n&n, the formula (2) easily
implies a formula for the total number of all distinct STS(2n&1)’s of 2-rank
2n&n on a given set of 2n&1 points (Theorem 2.4.)
The formula (2) can be used as a tool for the classification of all Steiner
triple systems of 2-rank 2n&n up to isomorphism, and for deriving bounds
for the number of pairwise nonisomorphic Steiner triple systems of 2-rank
2n&n (Theorem 3.1). In particular, it is shown that there are at least 53
pairwise nonisomoprhic STS(31) of 2-rank 27, and that the number of
isomorphism classes of STS(2n&1)’s of 2-rank 2n&n grows exponentially.
2. STEINER TRIPLE SYSTEMS IN THE CODE C
Theorem 2.1. The total number of distinct Steiner triple systems STS(2n&1)
in the code C generated by the rows of (1) is equal to
2(2
n&1&1)(2n&2&1)3.
Proof. The rows of any incidence matrix of an STS(2n&1) contained
in C consists of (2n&1)(2n&1&1)3 vectors of weight 3, any two overlapping
in at most one nonzero position. Among the Steiner systems STS(2n&1)
formed in this way, one finds many copies of the classical system of 2-rank
2n&n&1.
The row space of A is the code of the classical STS(2n&1). This code is
equivalent to the Hamming code H(2, n) [5], and contains a total of
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(2n&1)(2n&1&1)3 vectors of weight 3 whose supports can be viewed as
lines in the projective space PG(n&1, 2), and
(2n&1)(2n&1&1)(2n&2&1)
3
vectors of weight 4, whose supports can be viewed as planes in the affine
binary space AG(n, 2), that do not contain the zero point in AG(n, 2). The
extended Hamming code H*(2, n) is obtained by adjoining one new 2n th
coordinate x2 n to every vector x=(x1 , ..., x2n&1) # H(2, n), where
x2 n=x1+ } } } +x2 n&1 (mod 2).
The code H*(2, n) has minimum nonzero weight 4, and the set of all
2n(2n&1)(2n&2)
4 } 3 } 2
vectors of weight 4 in H*(2, n) form the incidence matrix of a Steiner quad-
ruple system Q=SQS(2n), that is, a 3-(2n, 4, 1) design, whose blocks can
be viewed as planes in AG(n, 2). The supports of the vectors of weight 4 in
H(2, n) are the blocks of the residual 2-(2n&1, 4, 2n&1&2) design Q$ of Q
with respect to its 2n th point.
A vector of weight 3 in C is either a row of A, or is obtained by adding
the vector (1, 0, ..., 0) to a vector of weight 4 in the row space of A that has
nonzero first position. There are exactly
(2n&2)(2n&1&2)
3
vectors of the latter type that correspond to the blocks of the residual
design Q$ containing point 1. We will denote by B$ the (2n&2)(2n&1&2)3
by 2n&1 matrix having these vectors as rows.
Every STS(2n&1) with incidence matrix consisting of vectors of weight
3 in C must contain the 2n&1&1 rows of A that have nonzero first position:
those are the only vectors of weight 3 in C with nonzero first position, and the
incidence matrix of any STS(2n&1) has column sum 2n&1&1. Let A1 be the
submatrix of A consisting of the 2n&1&1 rows with nonzero first position.
Denote by A$ the submatrix of A obtained by deleting the rows of A1 . In this
notation, the set of all vectors of weight 3 in C is precisely the set of rows
of the matrix
A1
\A$+ .B$
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The incidence matrix of any Steiner system STS(2n&1) that is contained
in C consists of the 2n&1&1 rows of A1 , a set of k rows of B$, and a set
of (2n&2)(2n&1&2)3&k rows of A$, for some 0k(2n&2)(2n&1&2)3.
Consequently, any such incidence matrix is obtained from A by replacing
a submatrix A" of k rows of A$ with an appropriate submatrix B" of k rows
of B$. Here ‘‘appropriate’’ means that the blocks having the rows of A" or
B" as incidence vectors cover the same set of pairs of points. We will refer
to any such pair A", B" as a matching pair.
We want to count the total number of matching pairs A", B". Note that
the rows of A$, considered as incidence vectors, cover every pair of points
which is not covered by any row of A1 , exactly once. Similarly, the rows
of B$ cover every pair of points which is not covered by A1 exactly once.
In addition, every row of A$ and every row of B$ meet in at most 2 nonzero
positions.
Consider the (2n&1)(2n&1&1) by 2((2n&2)(2n&1&2)3) (0, 1)-matrix
M defined as follows:
 columns of M are labeled by rows of A$ and B$;
 rows of M are labeled by pairs of points (that is, by pairs of coor-
dinate positions of C);
 an entry in the i th row and j th column of M is 1 if the corre-
sponding pair of points is covered by the corresponding row of A$ or B$,
and 0 otherwise.
The matrix M contains exactly 3(2n&1&1) all-zero rows that correspond
to the pairs of points covered by rows of A1 . Deleting these all-zero rows
from M, one obtains a 4(2n&1&1)(2n&2&1) by 2((2n&2)(2n&1&2)3)
matrix M$, being the incidence matrix of pairs of points that are covered
by rows of A$ or B$. The matrix M$ enjoys the following properties:
 every row of M$ contains exactly two nonzero entries, one in a
column labeled by a row of A$, and the second in a column labeled by a
row of B$;
 every column of M$ contains exactly 3 nonzero entries;
 every two columns of M$ that are labeled by two distinct rows of
A$ or by two distinct rows of B$, contain their nonzero entries in 6 distinct
positions.
 every pair of columns of M$, one labeled by a row of A$ and the
other labeled by a row of B$, meet in at most one nonzero position.
It is readily seen that a submatrix A" of k rows of A$ and a submatrix
B" of k rows of B$ form a matching pair if and only if the sum of the k
columns of M$ that are labeled by A" is identical with the sum of the k
columns of M$ that are labeled by B".
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Let L be the binary linear code of length 2((2n&2)(2n&1&2)3) spanned
by the rows of M$. The dual code L= contains only even-weight vectors.
In addition, any vector of weight 2k in L= has k nonzero components in
positions labeled by rows of A$, and the remaining k nonzero components
in positions labeled by rows of B$. Consequently, every vector in L=
corresponds to some matching pair A", B", and vice versa. Thus, the total
number of distinct STS(2n&1) in C is equal to |L=|, or equivalently, to
2(2(2
n&2)(2 n&1&2)3)&R,
where R=rank2(M$).
It is easily seen that there are no vectors of weight 2 or 4 in L=. Now
we will exhibit some vectors of weight 8 in L=.
It is convenient to identify the coordinates of C with the points of
PG(n&1, 2), that is, with the binary nonzero vectors of length n: point 1:
1 =(0, ..., 0, 1), point 2: (0, ..., 0, 1, 0), etc. We will use Greek letters to
denote points of PG(n&1, 2). In this notation, every row of A is the
incidence vector of a line in PG(n&1, 2), that is, the incidence vector of a
triple of points :, ;, # # PG(n&1, 2) such that :+;=#, where the sum is
the component-wise sum of the corresponding binary vectors of length n
modulo 2. Similarly, every row of B$ is the incidence vector of a triple of
points :, ;, # # PG(n&1, 2) such that :+;+#=1 , and every triple :, ;, #
with sum 1 has its incidence vector among the rows of B$.
Let [:, ;, #] be a triple of points of PG(n&1, 2) whose incidence vector
is some row r of B$. We construct a vector of weight 8 in L= that has a
nonzero position labeled by r as follows. Consider the configuration of six
points [:, ;, #, :+;, :+#, ;+#] and the following eight triples:
(1) :, ;, #
(2) :, :+;, :+#
(3) ;, ;+:, ;+#
(4) #, #+:, #+;
(3)
(5) :, ;, :+;
(6) :, #, :+#
(7) ;, #, ;+#
(8) :+;, :+#, ;+#.
Every of the triples (1)(4) has sum :+;+#=1 ; hence its incidence
vector is a row of B$. Similarly, the incidence vector of every of the triples
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(5)(8) is some row of A$. This configuration of six points and eight triples
has the following 8 by 6 incidence matrix:
1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1
1 1 0 1 0 0
1 0 1 0 1 0
0 1 1 0 0 1
0 0 0 1 1 1
The four triples (1)(4) cover the same set of 12 pairs of points as the four
triples (5)(8), namely the pairs [:, ;], [:, #], [:, :+;], [:, :+#], [;, #],
[;, ;+:], [;, ;+#], [#, #+:], [#, #+;], [:+;, :+#], [:+;, ;+#],
[:+#, ;+#]. The 12 by 8 incidence matrix N of these 12 pairs and the
eight triples (1)(8) looks as follows:
1 0 0 0 1 0 0 0
1 0 0 0 0 1 0 0
0 1 0 0 1 0 0 0
0 1 0 0 0 1 0 0
1 0 0 0 0 0 1 0\0 0 1 0 1 0 0 0+ .0 0 1 0 0 0 1 00 0 0 1 0 1 0 00 0 0 1 0 0 1 00 1 0 0 0 0 0 10 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1
By the properties of the eight-triples configuration, the eight columns of N
sum up to the zero column modulo 2. Note that N can be viewed as a
submatrix of M$ with rows labeled by the 12 covered pairs, and columns
labeled by four rows of B$ that are the incidence vectors of triples (1)(4),
and four rows of A$ that are the incidence vectors of triples (5)(8). In
other words, the columns of N determine a vector of weight 8 in L=. The
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submatrices B" of B$ and A" of A$, corresponding to columns 14 and 58
of N respectively, are a matching pair.
Notice that the set of triples (1)(4) is closed under the procedure we
applied to [:, ;, #] that produces eight triples uniquely (up to their order).
For example, starting from the second triple [:, :+;, :+#], after renam-
ing :$=:, ;$=:+;, #$=:+#, we obtain the same set of eight triples:
[:$, ;$, #$]=[:, :+;, :+#]
[:$, :$+;$, :$+#$]=[:, ;, #]
} } }
[:$+;$, :$+#$, ;$+#$]=[;, #, ;+#].
Hence, if [:", ;", #"] is a triple that does not belong to the set (1)(8) and
such that :"+;"+#"=1 , the 8-configuration defined by [:", ;", #"] will
be disjoint from the configuration (1)(8). Thus, by applying this proce-
dure repeatedly, one can partition the collection of rows of A$ and B$ into
disjoint submatrices with four rows, so that each submatrix of A$ forms a
matching pair with a unique submatrix of B$. Consequently, the rows and
columns of M$ can be reordered so that M$ becomes a block (2n&1&1)
(2n&2&1)3 by (2n&1&1)(2n&2&1)3 matrix composed of 12 by 8 sub-
matrices, where every 12 by 8 block along the main diagonal is identical
with the matrix N, while any other block is the all-zero 12 by 8 matrix.
Since
rank2(N )=7,
it follows that
R=rank2(M$)=
(2n&1&1)(2n&2&1)
3
} 7,
whence
dim(L=)=
2(2n&2)(2n&1&2)
3
&R=
(2n&1&1)(2n&2&1)
3
.
Thus, the total number of distinct Steiner triple systems STS(2n&1) in the
code C is equal to
2dim(L
=)=2(2
n&1&1)(2n&2&1)3.
This completes the proof. K
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Remark 2.2. A configuration of six points and four blocks in an STS(v),
such that every point is in two blocks, and every two blocks intersect in one
point, is called a quadrilateral, or Pasch configuration. The four triples (1)(4)
in (3) are quadrilaterals in the classical Steiner triple system in PG(n&1, 2).
It was proved by Stinson and Wei [6] that every line in PG(n&1, 2) is
contained in exactly two quadrilaterals. Since the quadrilaterals of type
(1)(4) in Theorem 2.1 are disjoint, it follows that all such quadrilaterals
constitute a proper subset of the set of all quadrilaterals in PG(n&1, 2).
The total number of STS(2n&1)’s in C, as given by Theorem 2.1,
includes designs of the minimum 2-rank 2n&n&1, and designs of 2-rank
2n&n. All these designs share the 2n&1&1 blocks through point 1 . One
can find the number of designs of each rank by using the automorphism
group Aut(C) of the code C, and the automorphism group of the classical
design of the points and lines in PG(n&1, 2).
Theorem 2.3. (i) The total number of Steiner triple systems STS(2n&1)
of 2-rank 2n&n&1 in C is
22
n&1&n.
(ii) The total number of Steiner triple systems STS(2n&1) of 2-rank
2n&n in C is
2(2
n&1&1)(2n&2&1)3&22
n&1&n.
Proof. The group Aut(C) fixes point 1 (since there is a unique vector of
weight 1 in C, having its nonzero position at point 1 ). The group of the
binary code of an arbitrary Steiner triple system is described by Assmus
[1]. In the case of an STS(2n&1) of 2-rank 2n&n, the group Aut(C) is a
semi-direct product of PGLn&1(F2) and the direct product of 2n&1&1
copies of the group of order 2, each such copy acting on a pair of points
contained in a block through point 1 . Thus,
|Aut(C)|=22 n&1&1(2n&1&1)(2n&1&2) } } } (2n&1&2n&2).
The automorphism group of the classical STS(2n&1) of the lines in
PG(n&1, 2) is PGLn(F2) of order
(2n&1)(2n&2) } } } (2n&2n&1).
The groups Aut(C) and PGLn(F2) intersect in the stabilizer (PGLn(F2))1 of
point 1 , which is of order
(2n&2)(2n&22) } } } (2n&2n&1).
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Thus, the total number of distinct STS(2n&1)’s in C that are isomorphic
to the classical one, or equivalently, have 2-rank equal to 2n&n&1, is
equal to
|Aut(C)||(PGLn(F2))1 |=22
n&1&n.
All remaining STS(2n&1)’s in C are of 2-rank 2n&n, and their number is
2(2
n&1&1)(2n&2&1)3&22
n&1&n. K
Theorem 2.3, (ii) gives the number of distinct STS(2n&1)’s of 2-rank
2n&n that are contained in a given code C of dimension 2n&n. The
following theorem gives the total number of all distinct Steiner triple
systems of 2-rank 2n&n that share the same point set.
Theorem 2.4. The total number of distinct Steiner triple systems of
2-rank 2n&n on a given set of 2n&1 points is
(2n&1)! (2(2
n&1&1)(2 n&2&1)3&22
n&1&n)
22
n&1&1(2n&1&1)(2n&1&2) } } } (2n&1&2n&2)
.
Proof. Any Steiner triple system STS(2n&1) with an incidence matrix
B of 2-rank 2n&n is contained in only one binary code of dimension
2n&n, namely the row space of B. It follows that the total number of all
distinct Steiner triple systems on a given set of 2n&1 points and of 2-rank
2n&n is equal to the product of the number (2) of such systems that are
contained in a given code C, with the number
(2n&1)!
|Aut(C)|
=
(2n&1)!
22
n&1&1(2n&1&1)(2n&1&2) } } } (2n&1&2n&2)
of distinct codes that are equivalent to C. K
3. A MASS FORMULA AND BOUNDS FOR STS(2n&1)’S OF
2-RANK 2n&n
If D is an STS(2n&1) of 2-rank 2n&n in the code C with generator
matrix (1), then C is the linear span of the rows of the incidence matrix of
D. Thus, every automorphism of D preserves C, and the total number of
distinct STS(2n&1)’s of 2-rank 2n&n in C that are isomorphic to D is
equal to |Aut(C)||Aut(D)|. Assume that the total number of isomorphism
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classes of STS(2n&1)’s of 2-rank 2n&n is s, and let D1 , ..., Ds be repre-
sentatives of these isomorphism classes. Then the formula of Theorem 2.3
implies that
2(2
n&1&1)(2n&2&1)3&22
n&1&n= :
s
i=1
|Aut(C)|
|Aut(D i)|
. (4)
The ‘‘mass’’ formula (4) can be used for classifying all STS(2n&1)’s of
2-rank 2n&n up to isomorphism: one has to find sufficiently many pairwise
nonisomorphic designs D1 , D2 , ... of the given rank so that equality holds
in (4).
In general, formula (4) can be used for deriving lower and upper bounds
on the number of isomorphism classes of STS(2n&1)’s of 2-rank 2n&n. If
U (respectively u) is an upper (respectively lower) bound for the group
orders |Aut(Di)|, that is,
u|Aut(Di)|U for all 1is,
then (4) implies that
2(2
n&1&1)(2n&2&1)3&22
n&1&n
|Aut(C)|
us
2(2
n&1&1)(2n&2&1)3&22
n&1&n
|Aut(C)|
U.
In particular, the trivial lower bound |Aut(Di)|1 implies the following.
Theorem 3.1. The number of pairwise nonisomorphic Steiner triple systems
STS(2n&1) of 2-rank 2n&n is greater or equal to
2(2
n&1&1)(2 n&2&1)3&22
n&1&n
22
n&1&1(2n&1&1)(2n&1&2) } } } (2n&1&2n&2)
. (5)
Note. If n=5, the bound (5) implies that the number of nonisomorphic
STS(31)’s of 2-rank 27 is at least 53. If n=6, the bound (5) implies that
the number of nonisomorphic STS(63)’s of 2-rank 58 is at least 2.1_1030.
In general, since
2(2
n&1&1)(2 n&2&1)3&22
n&1&n
22
n&1&1(2n&1&1)(2n&1&2) } } } (2n&1&2n&2)
>2(13)(2
2n&3&2n+1&2n&2+7)&(n&1) 2&22&n&(n&1)
2
, (6)
the following theorem holds.
Theorem 3.2. The number of pairwise nonisomorphic STS(2n&1) of
2-rank 2n&n grows exponentially.
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A comparison of the bound (6) with the general asymptotic lower bound
for the number of pairwise nonisomorphic STS(v)’s due to Wilson [8]
shows that for large n the Steiner triple systems STS(2n&1) of 2-rank
2n&n compose a relatively small, but very fast growing portion of all
Steiner triple systems on 2n&1 points.
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